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Context, motivation

> In many cutting-edge engineering applications, for example within the field of soft
or micro-nano robotics, process control, material sciences, energy production etc
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Figure: MSMA actuator.

Cf. Hector’s talk on IPHS for finite dimensional systems.
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Context, motivation

> Some examples of Distributed Parameter Systems for which the thermal domain
plays a central role
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Figure: Adsorption process

Dispersion (column), diffusion (pellet) and non-linear adsorption (crystal)
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Context, motivation

» Some examples of Distributed Parameter Systems for which the thermal domain
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> Several attempts have been made to extend port Hamiltonian and Lagrangian
formulations to Irreversible Thermodynamic systems.
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Context, motivation

» Some examples of Distributed Parameter Systems for which the thermal domain

inner poloidal
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> Several attempts have been made to extend port Hamiltonian and Lagrangian
formulations to Irreversible Thermodynamic systems.

In this talk ...
We present some results on the extension of PHS and IPHS formulations to infinite
dimensional systems.
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Context, motivation

We focus on systems defined on a one dimensional spatial domain.

Boundary controlled irreversible port Hamiltonian systems | Yann Le Gorrec and Hector Ramirez | October 9, 2025

6



Context, motivation

We focus on systems defined on a one dimensional spatial domain.

The aim is to generalize PHS formulations

) 9
o= (Pocot P ) et
with
|:fa:| . L |:P1 —P1:| [H(b)x(b, t):| (1)
es| 2|l / H(a)x(a,t)
to irreversible thermodynamic systems ...
27?7
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The isentropic fluid: the reversible case

We consider a 1-D isentropic fluid in Lagrangian coordinates, also known as p-system,
with [a,b] 5 ¢, a, b € R, a < b. We choose as state variables

> the specific volume ¢(¢, t),
> the velocity v(¢, t) of the fluid.
System of two conservation laws :

o6, . v

R

ov

&%)

where p(¢) is the pressure of the fluid. The total energy of the system is given by the
sum of the kinetic energy and internal energy:

H (v, ) = /: (%vz + u(¢>)> dz
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The isentropic fluid: the reversible case

The variational derivative of the total energy yields 32 = v and 5"’ =% — _pand

¢
the system may be written as the Hamiltonian system

fns(@) wneby s

Considering as input/output (Wg and W, can be derived from P;
[Le Gorrec et al., 2005]) :

HEB] 1o o o] [-ptb)]  [—p(tb)

m_[wﬂ ‘;—(b) 0 0 —1 0| | ou(tb) p(t, a)

y) = We) |E@| T lo 1 o of |-pta) u(t, b)
SH 0o 0 0 1 u(t, a) v(t, a)
év(a)

We have .
H(t) =y T (tv(D)
femto-st
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The non-isentropic fluid: the irreversible case

We now consider some viscous damping 7. The momentum balance reads

00y OB DT
where
__p0v
T = MC‘)C

with /i the viscous damping coefficient. It can be written as a dissipative port

Hamiltonian system
0 ° % 4)
+ o [+ 0. )
o d (h5) ]\

#-1 (8

Boundary controlled irreversible port Hamiltonian systems | Yann Le Gorrec and Hector Ramirez | October 9, 2025 10



The non-isentropic fluid: the irreversible case
Splitting the dissipative operator we have

#-F a2(8

0 ] o1 (|
3 0 35 ; (5)
> [87 o ) (L?
Which is equivalent to the DAE system:

1] SH
FR (8
a o 1 o\ &)

o = jife, With i > 0
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The non-isentropic fluid: the irreversible case

Splitting the dissipative operator we have

#-F a2(8

0 ] o1 (|
3 0 35 ; (5)
> [87 o ) (L?
Which is equivalent to the DAE system:

1] SH
By ([
@ o 1 of X\|¥

o = jife, With i > 0

‘ >

with

The existence of solutions can be proven based on the existence of solutions of the
dissipation-free system by direct application of [Le Gorrec et al., 2005]
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The non-isentropic fluid: the irreversible case

Splitting the dissipative operator we have

#-F a2(8

0 ] o1 (|
3 0 35 ; (5)
> [87 o ) (L?
Which is equivalent to the DAE system:

1] SH
FR (8
a o 1 o\ &)

o = jife, With i > 0

‘ >

with

The existence of solutions can be proven based on the existence of solutions of the
dissipation-free system by direct application of [Le Gorrec et al., 2005] but not stability.
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The non-isentropic fluid: the irreversible case

We can account for the thermal domain by considering Gibbs’ equation
du = —pd¢+Tds

where s denotes the entropy density and T the temperature. The total energy of the
system is still the sum of the kinetic and the internal energy but now depends on s

H(v, ¢, s) = /: (%UZ + u(o, s)) dz

From the conservation of the total energy and Gibbs’ equation % = T we get

ds _p(0v)\?
5(@0—7(&) ()
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The non-isentropic fluid: the irreversible case

The system of balance equations may be written as the quasi-Hamiltonian system

2 (e % ’ —
q=® o #EG)O)|| |8
sl Lo 8(5)% 0 5

Question: Is this operator formally skew symmetric ?
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The non-isentropic fluid: the irreversible case

The system of balance equations may be written as the quasi-Hamiltonian system

2 (e % ’ —
q=® o #EG)O)|| |8
sl Lo 8(5)% 0 5

Question: Is this operator formally skew symmetric ?
Question: Can you write down the energy balance ? What are the possible boundary
port variables ?
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The non-isentropic fluid: the irreversible case

The system of balance equations may be written as the quasi-Hamiltonian system

2 (e % ’ —
q=® o #EG)O)|| |8
sl Lo 8(5)% 0 5

Question: Is this operator formally skew symmetric ?

Question: Can you write down the energy balance ? What are the possible boundary
port variables ?

Question: Can you write down the entropy balance ? What are the possible boundary
port variables ?
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The non-isentropic fluid: the irreversible case

The system of balance equations may be written as the quasi-Hamiltonian system

26 0 % 0 %
% _ %) 0 a%(% (%)“) §74

Answer: Yes | even if the differential operator is modulated.
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The non-isentropic fluid: the irreversible case

The system of balance equations may be written as the quasi-Hamiltonian system

0 A

374; 82 0 g—H
Bl=l® o RGO |2
al Lo G(3)% ° =

Answer: Yes | even if the differential operator is modulated.
Answer: In case we do not have homogeneous BC:

aH
a VY
and b
as
& dc>0
> /aac,
femto-st
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IPHS : General formulation

We introduce the Boundary Controlled Irreversible Port Hamiltonian System (BC-IPHS)
defined on a 1D spatial domain ¢ € [a, b], a, b € R, a < b. The state variables of the
system are the n + 1 extensive variables. The following partition of the state vector

x € R shall be considered: the first n variables by x = [g1,...,qn] | € R" and the
entropy density by s € R. Gibbs’ equation is equivalent to the existence of an energy
functional b
H(x.9) = [ h(x(©).s(¢)) ¢ @
a

where h(x, s) is the energy density function. The total entropy functional is denoted by

b
s(t) = / S(C, Hd¢ ®)
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IPHS : General formulation

An infinite dimensional IPHS undergoing m irreversible processes is defined by
9 {X(C, f)] _ { Po GoRo} gﬁ, €|,
at [s¢.H] ~ |-RgGj 0 €n|”

P1 3(8 o(G;Ry.) )
(9)
T G1T BBC gsl's 8(§) + gsrs g’)‘(l ¢,

where Py = —PJ € R™", Py = P € R™", Gy € R™™M, Gy e R™Mwith m< n
with R, ( , 6x> € R™1 | =0,1, defined by

Ro =0, (.2, 32) {SIGo(:. ) H}

Rui=mi (x2 8) {81660 F IR}
and

= s (x.2. ) {SIH}

andyk,,(, ,6X)>o k=0,1;i¢e{1,. m},'ys(x z, 6X)>0andgs( ),

femto-st
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IPHS : General formulation

For any two functionals H; and H, of the type (7) and for any matrix differential
operator G we define the pseudo-brackets

sy sHy
{61} = [Sﬂ o &) [5%2}:
s

5 (10)

SHy T (gwg)

H{|Ho} = — —
{H1|Hz} 3s ac o5

where G* denotes the formal adjoint operator of G.
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IPHS : General formulation

Remark 1:
Setting the matrices Py and G; to zero, reduces the PDE (11) to

d [x(, ] _ P GoRo(x) ()
E[S(C:f)]_{—Ro(ngGJ "o H%(c,t)]

which is formally the definition of finite-dimensional IPHS in

[Ramirez et al., 2013a, Ramirez et al., 2013b] for the case m = 1 or

[Ramirez et al., 2014, Ramirez et al., 2016] for m > 1. In this sense the previous
definition is an infinite-dimensional extension of the definition of IPHS.
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IPHS : General formulation

Remark 1:
Setting the matrices Py and G; to zero, reduces the PDE (11) to

d [x(¢, 0] _ Po GoRo(X)] | 5£(¢:1)
a s 0] = [-ReTa; 0 ||y
which is formally the definition of finite-dimensional IPHS in
[Ramirez et al., 2013a, Ramirez et al., 2013b] for the case m = 1 or
[Ramirez et al., 2014, Ramirez et al., 2016] for m > 1. In this sense the previous
definition is an infinite-dimensional extension of the definition of IPHS.

Remark 2:
Setting the matrices Gy and G; to zero reduces the PDE (11) to

d [x(¢,t)] _ [Po+ P B,
E{S(C,t)}_ ST % g’x*

0 (6D
which is formally the definition of infinite-dimensional PHS.
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IPHS : General formulation

Definition 1
A Boundary Controlled IPHS (BC-IPHS) is an infinite dimensional IPHS

9 {x(g,t)] :[ ’io . GORO} ﬁ((;f) n
at |s(¢, 1) —Ro Go 0 75(47 t)
L0 SR Bt
11
RiTGI 52 gors G + ) gﬁ(c p]
Augmented with the boundary port variables
vty = wa 55 2)]. v = wo |5 2 (12

as linear functions of the modified effort variable

Mt 5H T
6(47 t) = |:R(X g{-l()CrSH)(C’ t):| with R ( (SX) = [1 R1( ’ 6‘)-:) rs(x, 5x )]
(13)
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IPHS : General formulation

Furthermore
Wg = [17 (Z2 + =1 Pep) Mp % (22 —=1Pep) Mp} ;

We = [ (1 +Z2Pep) Mo 5 (1 — Z2Pep) Mp} ,

S

where My = (MTM) ™' MT, Pep = MT PesM and M € R("+m+2)xk is spanning the
columns of Pe € R™™+2 of rank k, defined by

PP 0 G 0
0 0 0 g

GG 0 0 0 (14)
0 g 0 0

Pe =

and where =4 and =, in RA*K satisfy =] =1 + =/ = = 0and =] =, + = = = I.
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IPHS : General formulation

First law of Thermodynamics

The total energy balance is )
H=y(®v(t)

which leads, when the input is set to zero, to H = 0 in accordance with the first law of
Thermodynamics.

Sketch of the proof

dH _ [P suT & O rauT T T
2Ll aff- L1 el
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IPHS : General formulation

Second law of Thermodynamics
The total entropy balance is given by

. b
S:/ o1d¢ + yd vs
a
where ys and vs are the entropy conjugated input/output and o is the total internal

entropy production. This leads, when the input is set to zero, to S= fab otd¢ > 0in
accordance with the second law of Thermodynamics.

Sketch of the proof

b
= /@dg
& H

= [ (ot 67 2 1 R a7 2.2

o0 0H o )
gors () 2 0+ (gsrs(x>5—x)) dc

= [ od(—(fs(b, 1) —fs(a,t))
L A
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Back to 1D fluid

Recalling the 1D fluid model

a(-) a i v
gr|=|ec O = (FE)O) | |5
ot o £(%) % 0 55
0 1 o] .
Py=0,Gp=0,9s=0, P, = {1 0} and Gy = [1} with x = [ﬂ and

Ri1 = 71{S|Gi(:,1) Z|H} with 41 =

4. Inthiscasen=2, m=1
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Back to 1D fluid

The boundary port variables may be computed as follows, starting with

P, 0 G 0 0 1 0 0 O
1 0 0 1 O
0 0 0 gs
Pe=| o7 =0 0 0 0 O
G 0 0 O
01 0 o 01 0 0 O
9s 000 00
1 1 T
. . = 0 0 5 O 0o 1 0
= =2 2 =
of rank k = 2 which gives M [O 10 b6 0} , Mp [1 0 0

Pep = [? (ﬂ Choosing the parametrization

2-5f 9 =5

define the following boundary inputs and outputs

- O

o o

and
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1D fluid in Eulerian coordinates

If we now consider a 1-D isentropic fluid in Eulerian coordinates, with
[a,b] > ¢, a, be R, a < b. We choose as state variables

> the mass density p(¢, t),
> the velocity v(¢, ) of the fluid.

System of two conservation laws (coming from the use of material derivative
(1) = 5() + v () and from Gibbs equation:

dp _ 3 .
SEn =2 ) (G

ov o (1 T 0s 10 (/7
S =5 (e )@ T - (D)
and
s T Ov
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1D fluid in Eulerian coordinates

Leading to the IPHS representation

% 0 _90) 0 5H
8 o¢ , , , 5
dolo]-2u 0 108 ga 0 (o] ]2
gé a¢ 1 8s v poC’ p ¢ \ pT ¢’ ﬁ
- ) 1 or
ot 0 *;afc((,t)erfT,Ca—c(;.) 0 5
with 1 )
(o
—u(b, 1) P +h)) 6.0 —nge (b0
b= [v(a,})} T (L)) - i a
P\5 ) “64 )
andh:u+8
p
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Heat equation

Figure: Heat conduction in a bar

ou__9 (_ Aﬂ)
at ~— aC ¢
where X denotes the heat conduction coefficient.
Question : Deduce from Gibbs’ equation du = Tds the IPHS formulation of the heat

equation.

Balance equation on u
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Heat equation

Figure: Heat conduction in a bar

ou__9 (_ Aﬂ)
at ~— aC ¢
where X denotes the heat conduction coefficient.
Question : Deduce from Gibbs’ equation du = Tds the IPHS formulation of the heat

equation.
Question : Write the balance equation on the energy/entropy.

Balance equation on u
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Heat equation

Figure: Heat conduction in a bar

u__ 9 <_)\8l>
ot~ a¢ ¢

where X denotes the heat conduction coefficient. From Gibbs’ equation du = Tds and

9s 190 <_Aﬂ)
ot ToC ¢

@-3(581)#(61)2
ot~ a¢c \ T o T2 \ 8¢

i . oU b
One can notice that : T = $Z where U = [ ud(.

Balance equation on u

or alternatively

S
to-st
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Heat equation

IPHS formulation
8s XN OT 0 (68U d (X OT [sU
o =7 acoe (ss) * e (7 (53)
which is equivalent to (11) where Py =0, P =0, Gy =0, G; =0, gs = 1 and
re = 6{S|U} with s = 2 and {S|U} = 2L. In this case Pe = } [(1) (1)] ,n=1and

m = 1. Choosing =1 = % ﬂ 8} S = % [g _11} the boundary inputs and

outputs of the system are
29T (t,b
v(t) = [_< P )} , o =760

respectively the entropy flux and the temperature at each boundary.
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In this talk we have:
> introduced a new class of boundary controlled IPHS.
> illustrated it on some examples (fluid and heat equations).
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In this talk we have:
> introduced a new class of boundary controlled IPHS.
> illustrated it on some examples (fluid and heat equations).

Current research lines:
> extend IPHS formulation to multidimensional systems such as fluids.

> extend the traditional control design techniques to thermally controlled BC-IPHS.

> use this formalism to overcome some traditional difficulties associated to
irreversible Thermodynamics.
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Thank you for your attention !
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