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Context / Motivation : control of flexible structures

> Boundary controlled systems (e.g. Control of nanotweezers - Coll. LIMMS, Tokyo)
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Context / Motivation : control of flexible structures

> Boundary controlled systems (e.g. Control of nanotweezers - Coll. LIMMS, Tokyo)

(@)

> In-domain control of distributed parameter systems (e.g. Control of smart endoscopes, FEMTO-ST)

CAD dosgn of the EAP nctumied concenti tuse rebol

Cumriim

> Exploration, imaging, diagnosis.
> Mini invasive surgery.
> Toward miniaturized and smart endoscopes.
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Context / Motivation : Toward complex systems and structures

> Soft robotics (FEMTO-ST France)
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Context / Motivation : Toward complex systems and structures

> Soft robotics (FEMTO-ST France)

> Fluid systems

> Modeling and control of interglotal air
flows (coll. USM Chile)
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Context / Motivation : Toward complex systems and structures

> Soft robotics (FEMTO-ST France)

> Fluid systems

> Artificial aorta for blood
pressure control (coll. EPFL
Swizerland)

> Modeling and control of interglotal air
flows (coll. USM Chile)
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Context : port Hamiltonian systems

Port Hamiltonian systems (PHS)

Class of non linear dynamic systems derived from an extension to open physical
systems (1992) of Hamiltonian and Gradient systems. This class has been generalized
(2001) to distributed parameter systems.

) aH X = (j(x) R(x)) 24X )+ Byug
x—(J(x) R(x)) 249 4 B(x)u Yo — B; 210

x() B(X)TaH(X) x(t,¢): ( fa — st ,
dH <yTu 0 )= 9,

H
@ < yjug+fle
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Context : port Hamiltonian systems

Port Hamiltonian systems (PHS)

Class of non linear dynamic systems derived from an extension to open physical
systems (1992) of Hamiltonian and Gradient systems. This class has been generalized
(2001) to distributed parameter systems.

) aH X = (j(x) R(x)) 24X )+ Byug
= 0 - ) 25 ) 4 B(x)u Yo — B 210
x(t) B(X)TaH(X) x(t,¢) : ( fa 2 -~ 5H(x)‘8 ,
dH <ylu es ’
% < Yiug+fleo

> Port Hamiltonian systems :
> The state variables are chosen as the energy variables.
> The links between the energy function and the system dynamics is made
explicit through symmetries.
> The boundary port variables are power conjugated.
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Context : port Hamiltonian systems

Port Hamiltonian systems (PHS)

Class of non linear dynamic systems derived from an extension to open physical
systems (1992) of Hamiltonian and Gradient systems. This class has been generalized
(2001) to distributed parameter systems.

X = (j(x) R(x)) ) 4 Bgug
: 8H (x)
= 000 - ) 252 ) 4 By yo = B 21
x(t) B(X)TaH(X) x(t,¢) : ( fa 2 -~ SH(X)‘E) ,
dH <ylu [=Z) ’
%’? < yjug+fles

> Port Hamiltonian systems :

> The state variables are chosen as the energy variables.

> The links between the energy function and the system dynamics is made
explicit through symmetries.

> The boundary port variables are power conjugated.

> "Easy" to extend to non linear or systems defined on higher dimensional spaces.
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Context : port Hamiltonian systems

Port Hamiltonian systems (PHS)

Class of non linear dynamic systems derived from an extension to open physical
systems (1992) of Hamiltonian and Gradient systems. This class has been generalized
(2001) to distributed parameter systems.

) 8H X = (j(x) R(x)) 24X )+ Byug
= U0 ) 250 )+ B()u yy = B 540
x(t) B(X)TaH(X) x(t,¢) : ( fa 2 -~ SH(X)‘E) ,
d"’ <y'u ey = )
dF’: < yjug+fles

> Port Hamiltonian systems :
> The state variables are chosen as the energy variables.
> The links between the energy function and the system dynamics is made
explicit through symmetries.
> The boundary port variables are power conjugated.
> "Easy" to extend to non linear or systems defined on higher dimensional spaces.

> Physical properties can be efficiently used for control design (stabilization but not
only).
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Context : port Hamiltonian systems

In the linear 1D case this formalism has been used for
> Proving existence of solution using the semi-group theory [Le Gorrec et al., 2005].

> Stability analysis (when interconnected with linear or non linear ODEs) :
asymptotic or exponential [Ramirez et al., 2017, Augner, 2016].

> Simulation through structure preserving schemes
[Trenchant et al., 2018, Kotyczka et al., 2019].

> Control design : control by interconnection, energy shaping, observer design,
backstepping ... [Macchelli et al., 2017b, Toledo et al., 2020, Redaud et al., 2022].
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Context : port Hamiltonian systems

In the linear 1D case this formalism has been used for
> Proving existence of solution using the semi-group theory [Le Gorrec et al., 2005].

> Stability analysis (when interconnected with linear or non linear ODEs) :
asymptotic or exponential [Ramirez et al., 2017, Augner, 2016].

> Simulation through structure preserving schemes
[Trenchant et al., 2018, Kotyczka et al., 2019].

> Control design : control by interconnection, energy shaping, observer design,
backstepping ... [Macchelli et al., 2017b, Toledo et al., 2020, Redaud et al., 2022].

Some extensions have been proposed for
> Multidimensional systems [Skrepek, 2021].
> Implicit systems [Heidari and Zwart, 2022].

> Non linear PDE systems such as 1D or 2D-3D fluids ([Mora et al., 2021]) using
Irreversible port Hamiltonian Formulations ([Ramirez et al., 2022]).
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Context : port Hamiltonian systems

In the linear 1D case this formalism has been used for
> Proving existence of solution using the semi-group theory [Le Gorrec et al., 2005].

> Stability analysis (when interconnected with linear or non linear ODEs) :
asymptotic or exponential [Ramirez et al., 2017, Augner, 2016].

> Simulation through structure preserving schemes
[Trenchant et al., 2018, Kotyczka et al., 2019].

> Control design : control by interconnection, energy shaping, observer design,
backstepping ... [Macchelli et al., 2017b, Toledo et al., 2020, Redaud et al., 2022].

Some extensions have been proposed for
> Multidimensional systems [Skrepek, 2021].
> Implicit systems [Heidari and Zwart, 2022].

> Non linear PDE systems such as 1D or 2D-3D fluids ([Mora et al., 2021]) using
Irreversible port Hamiltonian Formulations ([Ramirez et al., 2022]).

In this talk we recall some well known results on control of PHS. Extension to IPHS.
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Infinite dimensional Port Hamiltonian systems (PHS)

Infinite dimensional Port Hamiltonian systems (PHS)

o GH] [0 G HOxEn] . [0
ot [xl(c, t)] = [—g* —R} [Hl(c)xl(c, t)] + H Ug(G: 0 M
wc.n=[o 1 [Jated] @
L HOX(E D] HOn(G )
up =B [H;(ox;(c, t)} Yo =C {H;(c)x;(c, r)} @

where x = [x], xJ]T € X == L2([a, b] ,R") x L2([a, b] ,R"), H = diag(H1,H>) and
H(¢) =HT(¢) and H(¢) > nwithn > 0forall ¢ € [a,b], R R(™M R=RT >0,
B(-) and C(-) are some boundary input and boundary output mapping operators.
Furthermore

N a/ N T a/
G=>" G,a—ci, and g* = (-1)'G/ ac
i=0 i=0

with G; € R(™n),

Mto'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025
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Infinite dimensional Port Hamiltonian systems (PHS)

For a sake of compactness we shall use the following notation

P = {(71)&1 GT %’] » Fo = [8 g} @

and the formulation of (1)

%moszm, (€ 0) - Roe)x(c.0 + 7] et ®
Ya(G, )= [0 [[H(Ox(C 1) (6)
Uy = B(HIOX(E, 1) Yo = € (HIOX(, ) )

The total energy of the system H(x) is defined by

b = 5 [ (4 G omoxc.0) a

Mto'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025



Boundary controlled port Hamiltonian systems

Mixed in-domain / boundary controlled port Hamiltonian systems (IDBC-PHS)
A mixed in-domain / boundary controlled port Hamiltonian system is an infinite

dimensional system of the form (5-7) where

r H(b)x(b, £ 1

8N1’H
8N1X(bt)

r H(b)x(b, 1)

—aw’f”(b f)

10

up = Wg H(a)x(a, t) , and yg = We 'H( ) (a’ t) (8)
BN_1 ; 6N_1 H
_ﬁ(a f] _W(a t)
with
Wg = [% (F2+=51Pe) 5 (2= Pe)] : )
Wo=[J5(E1+5ePe) 5 (51 —=2Pe)] (10)
'@mtO'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025



Boundary controlled port Hamiltonian systems

where
P o (=DNTTPy
Pe = : 0 (11)
(-)N-1Py 0 0
and =4 and =, in RF*k satisfy
= S+ ={==0,and=] = + =] = =/ (12)

The energy balance associated to the system reads
aH bor boror T T
o= | viudc~ [ (€ 0 ORMCR(C D) de + s (13)
a a

b
< / Y ugdC + vl uo (14)
a
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Boundary controlled port Hamiltonian systems

Existence of solution [Le Gorrec et al., 2005]
The operator

J

N o
ZP, g (HOX(G ) = RH(OX(E D)
i=0

with domain
[ H(b)x(b, 1) T

N—1 )
(b, 1)

H(a)x(a, t)

D)= H e H" (a,b;R") | € KerWg

N—1
_a CN(HX)(a 0]

where Wp is defined by (9) and = and =, satisfy (12), generates a unitary or
contraction semigroup on X. Furthermore the system (5-7) with (9-10) and (12) defines
a boundary control system.
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Boundary controlled port Hamiltonian systems

The general formulation (1) allows to model a large class of systems.
For example :
»> The 1D wave equation wheren=1,N=1, Gy = 0,G; = 1.

» The Euler Bernouilli beam equation. In thiscase n=1, N = 2,
Gy=0,G;=0,G>, = 1.
> The Timoshenko beam equation. In this case n =2, N = 1, and

0 -1 10
@=[p o). 1]

In what follows we focus on first order differential operators

'émm'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025
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The vibrating string example

The vibrating string equation is given by

Puw(t) 19 Aw(¢, 1)
98 () oC ((O ac )

and can be recasted in a PHS form choosing e = (g D and p = p=52 (C D as state

(2 ) (DG

which is on the form

Y
|- O

Xen = P 0% (HX(, 1)

D

Il

/~
- o
o =
~—
EY

Il

/~
o o
O o
N—
x

I
7 N
o
T~ O

) - (459
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The vibrating string example

The boundary port variables are

v(b) — v(a)
(fa) _ 1 [ a(b)-o(a)
es V2 | o(b)+o(a)
v(b) + v(a)
The boundary input and output are selected as
— V(av t) _ a(a t)
uo = (15 9) v = (e (15)
which can be derived choosing W and W such that :
1 /-1 0 0 1 1. ./0 1 —1 0
W*ﬁ(o 11 o) W*7(1 0 0 1)

The energy balance is then :

Mto'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025
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Static feedback control

Impedance passive case
In the impedance passive case the BCS fulfills

5 XI5 = uT Oy (1)
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Static feedback control

Impedance passive case
In the impedance passive case the BCS fulfills

1d
§EIIX(t)II% =u' (ty()
Static controller : o
r u y > Asymptotic stability : o« > 0 +
O_ BC-PHS (compactness condition)
> Exponential stability
[Villegas et al., 2009] : « st
Ye Uc
Static Gain (dE/dt) < —K||(Hx)(t, b)IIR

where k > 0.

This result has been used for observer design [Toledo et al., 2020].
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Example : Timoshenko beam

As state variables we choose

ow

Xt= 5 - o3 shear displacement,

Xo = P2y transverse momentum distribution,
X3 = % : angular displacement,

xs= 1% angular momentum distribution.

Then the model of the beam can be rewritten as

Xq 01 0 0 ’f X4 00 0 -1 ’f X4
Ol e |_|1 0008 z% | 0o oOO0 0 L X
ot X3 10 0 0 1 |5 El x3 0 0 O 0 Elx3
X4 0010 X 100 0 x4
P P
Py Py E'X
femto-st
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Velocity feedback

One can define the boundary port variables :

(™ "x2)(b) — (p~"x2)(a)
(Kx1)(b) — (Kx1)(a)

(15" xa)(b) = (1; " xa)(2)
¢} _ 1 M X _ X3 —(EXx3)(a
(f)_1[P P}((ﬁ)(b))_1 (Elxz)(b) — (Elxs)(a)
NN / (£x)(a) V2 (Kx1)(b) + (Kx1)(a)

(™" x2)(b) + (p~"x2)(a)
(Elx3)(b) + (Elxs)(a)

(I " xa)(0) + (1, ' xa)(@)

(16)

Let us consider stabilization by applying velocity feedback i.e. following BC :
1 _ 1 _
2@ x2(a) =0, WX4(3) =0,

K(b)xq(b, t) = —ay ﬁxg(b, 1), El(b)xs(b,t) = —agﬁ x4(b)

Mto'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025
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Velocity feedback
Input mapping :

-1 0 000 1 0 O
wo— - 00 -1 00 0 0 1
=2 ar 1 0 0 1 a 0 O
0 0 ap 1 0 0 1 o
then
0 0 0 O
T 0 0 0 O
WasWj=2| g o o 0 >0
0 0 0 a
As output we can choose
—K(a)xi(a) 0100 -1 0 00
—(EN(a)x3(a) .~ 110001 00 -1 0
y= 1 with W= —
o5 *2(P) ’ /2|1 000 01 00
,:—mx4(b) 001 0 00 0 f1
B

Mto'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025
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Velocity feedback
Then

Energy balance :

S0 = SIXOIZ = WD), ¥~ @y, y()
where

(@y(0), y(O)z = aal(p™ x2)(b, O + azl(1 xa) (b, D
Then

(LX) 12 = [(kxa)(b)2 + [(p™ " x2) (B)[2 + | (Elxs)(b)[2 + | (], " xa) ()2
= (aF + D)l(p~ )b, O + (a3 + DI(f; " xa) (D)2
< wlay(t), y(t)r = —r GE(D)

= Stability

Mto'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025
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Dynamic boundary feedback

We consider the controller as linear finite dimensional port Hamiltonian system
V=(Jo— Re) QeV + Bolle, Yo=BlQuv, Jo=-J], Re=R] >0

with storage function E¢(t) = %(v(t)ch(t»Rm, Q:=Qf >0€R™xR™,

Stability
'_.QL. BC-PHS Y If the following conditions are satisfied
) » power preserving interconnection
u=—yc+r, andu. =y
Ve Uo » the controller is assumed to be exponentially
Linear ODE (1) stable, i.e., Ac := (Jo — Rc)Qc is Hurwitz

The closed loop system is asymptotically stable.

'@mtO'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025
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Dynamic boundary feedback

We consider the controller as linear finite dimensional port Hamiltonian system
V= (Jo — Re) QoV + Bols, Yo=BlQcv+ Sotie, Jo=-J], Re=R] >0

with storage function E¢(t) = %(v(t)ocv(t)mm, Q:=QJ >0eR™xR™

Stability
If the following conditions are satisfied
r u y
——(——|  BCPHS > [[u®IP + ly(t)Z > el Hx(t, b)|I?, € >0
» power preserving interconnection
U= —yc+r, and uc =y
ye . e » the controller is assumed to be exponentially
Linear ODE (2) stable, i.e., Ac := (Js — Re)Qs is Hurwitz and

strictly input passive i.e., S; > 0.
The closed loop system is exponentially stable.

This result has been used for robust tracking control design using internal model principle
[Paunonen et al., 2021].

'@mtO'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025
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Non linear case

The previous results have been generalized to the non-linear case
[Ramirez et al., 2017] (under some assumptions).

r u y
— BC-PHS

Ye Uc
Non-linear ODE

with
Vi = Kewp
NL { W = *%(VOT — R(Kav2) + Beue (17)
Ye =B Kovo+ Scuc

where v4 € R", v, € R", form the components of the state vector, Bc € My . (R),
Ko € M (R), Ko = KET, Ko > 0, S¢c € Mk(R) with Sc = S] and S¢ > 0.

'@mtO'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025
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Control by interconnection

The system is interconnected with a dynamic controller in a power preserving way.

u, Y.
System
Controller
Ud=-Yo + Ue=Yd
-yu Y, O QRSP
System
+ YIVIVY A 4
T ...... T T T ...... T Controller
Ud=0

FiGURE — Control by interconnection. Boundary control (left), in domain control (right).

The closed loop energy is equal to the sum of the open loop energy and the controller
energy.

'@mm'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025
26



Energy shaping

Objectives

Modification of the closed loop system’s properties (energy shaping) + stabilization
(damping injection).
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Energy shaping

Objectives

Modification of the closed loop system’s properties (energy shaping) + stabilization
(damping injection).

From the power preserving interconnection

Hei(x, Xe) = H(x) + He(xe)
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Energy shaping

Objectives
Modification of the closed loop system’s properties (energy shaping) + stabilization
(damping injection).
From the power preserving interconnection
Hei(x, x¢) = H(x) + He(Xc)

We first look for structural invariants C(x, x¢) i.e. % =0
CX,xc) =Xxc+ F(x) =&

where F is a smooth function.
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Energy shaping

Objectives
Modification of the closed loop system’s properties (energy shaping) + stabilization
(damping injection).
From the power preserving interconnection
Hei(x, x¢) = H(x) + He(Xc)

We first look for structural invariants C(x, x¢) i.e. % =0
C(x,xc) =xc+ F(x) =k
where F is a smooth function. In this case the closed loop energy function reads
Hei(X, Xe) = Hei(x) = H(x) + He(s — F(x))
Asymptotic stability of the closed loop system in x* is achieved using damping injection

such that
dHe

dt

< 0,Vx # x*.

Mto'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025
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Energy shaping

e Boundary control case : Asymptotic stabilisation [Macchelli et al., 20174a],
Exponential stabilisation [Macchelli et al., 2020]
We consider a dynamic controller of the form

{)'(c = (Jc — Re) Qcxc + (Ge — Pc) uc 8)
ye = (Gc + Pc)" Qoxe + (Mg + Sc) uc

where x¢ € R and ug, yc € R", while Jo = —J, Mc = —M[, Rc = R, and
Sc = Sg, with this further condition satisfied :

Rc Pc)
>0. 19
(Pg Se) = 19

Interconnected to the boundary of the system

(=0 ) Ge)+(5) (20)

where v’ € R" is an additional control input.

Mto'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025
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Energy shaping

Theorem

Let the open-loop BCS satisfy %% Ix(8)[12 = u(t)y(t) and consider the previous passive finite
dimensional port Hamiltonian system. Then the power preserving feedback interconnection
Uu=r—»yey=uU .

with r € R” the new input of the system is a BCS on the extended state space X € X = X x V with
inner product (X1, X2) 5 = (X1, X2) £ + (v1, QcV2) v. Furthermore, the operator A, defined by

o JL 0] [x
Aek = [BCC AJ H :
¥ X " o | focx .
D(Ae) = M € M |x € H'(a,biR"), |eo.cx| € ker Wp
v

where Wp = [(W+ D:W  Co)]
generates a contraction semigroup on X.
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Energy shaping

Casimir functions
Consider the closed loop boundary control system with u’ = 0 then,

b
C(x(1), xe(t)) = rT>(c(f)+/a $T(Q)x(t,¢)dz

is a Casimir function for this system if and only if v» € H'(a, b; R"),

P2 + (P + Go)() =0 @)
(Jo + Ro)T + (Go + Po)WR (ﬁ‘a’g) -0 (22)
(Go— Pc)TT+ [W+ (Mg — So) W] R (ﬁgg) =0 (23)
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Energy shaping

Sketch of the proof

C(xe(t)) is a Casimir function if and only if % = 0 independently to the energy

function,
G0 _ (10 du)
dt \oxe' dt /2
5C
= <77~Ae’HeXe>
6Xe 12

)
- <A;—C,%exe> +BC
6Xe 12

(24)

(25)

(26)

(27)

'@mtO'St Control design for distributed parameter systems : The port Hamiltonian approach.
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Energy shaping

Proposition
Under the hypothesis that the Casimir functions exist, the closed-loop dynamics (when
U=yc+U')isgivenby:

(0.0 = Pr o PR (O)(Q) + (Po — Go) L (0)(O)
SHy (28)
W <;if (x)) (b)
(%e(0) (a)

in which é denotes the variational derivative, while
1 1 b
Ha(x(0) = 5 IxOI5 + 5 ([ 97 Ox(t0az ) x
a
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Extension to systems with dissipation

Proposition
The feedback law u = 8(x) + v/, with v’ an auxiliary boundary input, maps the original
system into the target dynamical system

(1.0 = P L L A0)(O) + (Po — Go) L))

() (o) (30)
vo=u ((é”d(x( 0) (@

with Hy(x) = H(x) + Ha(x), provided that

Pr 200+ (Po = Go) () =0 1)
6Hy
B(x) + WR (E‘”’EX?%E ;) —0. (32)
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Energy shaping

With the dynamic extension or state feedback we have been able to shape a part of the
closed loop energy function. It remains to prove that the closed loop system is
asymptotically stable.

> We have to consider additional damping injection.

> Exponential stabilisation is not possible as "exponential stability of the controller +
direct feedforward term" are necessary — no Casimir function.
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Example : longitudinal (axial) vibration of a beam

W(z,t)
o

[ =k

Ky fi

State variables : deformation and linear momentum density

e(t,¢) = (f Q), p(t,¢) = pS(Qv(t.Q) (33)

Material’s deformation is conS|dered linear (Hooke’s law) :

Jp
t, ES t, — D—(t,¢)d
0505200 = 2 [E8022(1.0)] - D%t crac
The energy is given by (klnet|c+potent|al) :
1 P(Q)
H(p(t, <), e(t, ¢ :7/ + ES(¢)&2(t, ¢
L (/0()())20 25(0) (Qe(t Q)| d
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Example :

From :

longitudinal (axial) vibration of a beam

PA(t,¢)

2
230 +ES(Qe(t, Q) | d

L
Hp(t. ). e(t.0)) = 5 [ [

We define the co-energy variables :

6H
os(t,¢) = - (e(t,€)) = ES(Q)e(t, €) = S(Q)o(t,€)
P L _ 9y
Then : o o o
]
o (ss0%2 c)) b [Es«;) 0] - %o
with 5 /8 5 /6
hid -2 (%
2 (Fg(t,ﬁ)) = o (8t (ﬁC))
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Example : longitudinal (axial) vibration of a beam

The port-Hamiltonian formulation of the system is then

8 (et,0)) (O Y\ [(ESCQ) 0\ [e(t,0)
at (p(t,o) N (5‘4 CD) < 0 ps‘(o> (p(hC))
which is in the form :
X0 = Py (H(X(6.0) + (o — GV HIOX(L, Q) ©4)

with P, = 0 and

Ae( ) a8 wo- (9 2
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Input and output

The boundary port variables are

v(L) - v(0)
(fa) _ 1 [os(L)—os(0)
e V2 | os(L) +os(0)
v(L) + v(0)

The boundary input and output are selected as

_ [ v(t,0) _ (—os(t,0)
w0 = (o) o= (il (39)
which can be derived choosing W and W such that :
1 /-1 0 0 1 -~ 1./0 1 —1 0
w=2 (o 7 1) =2 0 oY)

The energy balance is then :

L
B0 == [ DAt yTu) < youo.
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Lossless case : Approach based on structural invariants

We consider a dynamic controller with ng = 2, Rg = Pc = Mg = S¢ =0, G = | and

0o |/
'JC:<_I 0)7

which implies that the closed-loop system is characterized by the following Casimir
functions :

L
Ci(r(t),e(t, ) = &4(8) — /0 S(t.¢)d¢

L
Caléalt).p(t. ) = &a() = [ p(t.O)dc.
The controller Hamiltonian is chosen such that

- 1 1
Foltr ) = 55187 + 52288 (36)
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Approach based on structural invariants

The closed loop energy function is :

¢+

B 1 L p2
Ha(e.p) = 5 | LS( 5+ ES©e?

2 2
1 L 1 L 3
— | — 7
2 ! /0 ¢ 2 2 V/O ¢ ( )
and the control is of the form

= 0\ [Jopd
u:_yc:—GcaHC:_(Oz E1) <.]ZL€dC>
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System with dissipation

Due to the dissipation D # 0, the energy-Casimir method cannot be applied. The
closed loop energy function cannot be shaped in the p coordinate.

Admissible Hj :
Ha(é1,62) = %51512 + %Ezfg
with .
b)) = [ et

L
&i(e(t, ), p(t, ) = /0 [D(L = 2)e(t,¢) + p(t, )] d¢

Leadingto  , _ _ (Eoz 0 ) (fot [D(L ~ z);Et, ) +p(t, )l d<>
=1 o ed¢
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Achievable performances

We consider now that D = 0, all parameters equal 1 (simulations are provided
considering a finite volume approximation)

= (i D) = (ato) o= (7" = (549)

and we plot the position at the end point of the system.

3
% 1
£
<

08

06

0.4

0.2

0 [ 2‘0 A‘D 6‘0 . 0 00 1 éO A—O 1 rl:O 1 AliO 200
“ime (seconds
FIGURE — Open loop step response.
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Simulation
We first consider the static feedback case i.e. when pure dissipation is added at the

boundary :
U = —Kgyo

Amplitude

02}
10

time (seconds)

FIGURE — Step response of the closed loop system with pure dissipation term
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Simulation
In a second instance we consider the control law devoted to energy shaping in addition

to a pure dissipation term :
U= —Kc (Xo2 — Xo1) — KgXoz

Amplitude

08

004 0.06
time (seconds)

FIGURE — Step response of the closed loop system with state feedback.
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Energy shaping

e In domain control case : we consider now in domain control

System

Ud=-Yc + Uc =Yd
rrrrrrrr >

A4 AAAAA 4 A,

Controller

and the system is connected to the controller in a power preserving way :

(eted) = (0 9) Geted) + (75 )
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Control by interconnection : ideal case

e |deal case : the control acts at each point ¢ of the spatial domain.
The controller is of the form

8XC _
{at(c, 1) = JoQexc(C. 1) + Botip(C, 1) )
yC(Cv t) = BC*QCXC(Cv t) + SCUC(C7 t)
where Q¢(¢) = QI(¢) and Q¢(¢) > ne with ne > 0 for all ¢ € [a, b], S¢ and
Se(¢) = SI(¢) and S¢(€) > ns with ns > 0 for all ¢ € [a, b] and :
0] 7]
BC:BCOJFBN&: and »7(3:JCOJFJM(,)*C (41)

with Bgo, Bs1 € R Jog = —JJ, Joy = JI, € R(Teome),
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Control by interconnection : ideal case
The closed loop system reads :

28]

Ty 0 Q' 0 7‘[1X1

t

% | B | = -0 —(Se+m) -B: Hoxs (42)
t % 0 Be Je QcXe

Structural invariants
The closed loop system (42) admits structural invariants of the form

b
Ko = Clxe) = / W xedC (43)
a
with W = (¢1, 12, ¢3) if and only if
— G2(¢) = 0 = —Bep2(¢) + T4 ¥3(<) (44)
(Sc+ R)¥2(¢) =0 (45)
G1(C) + Bis(¢) = 0 (46)

0 Gy 0 (<)
-G 0 By $2(¢) =0 (47)
0  BL  Ju ¥3(¢)

a,b
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Energy shaping : ideal case

Energy shaping [Trenchant et al., 2017]

Choosing B: = G and J; = 0 the closed loop system (42) admits as structural
invariants the function C(xe) defined by (43) and

w:(w1707w1)

In this case the hyperbolic system (1) connected to the dynamic controller (53) of the

form 8
Xc _
{at&ﬂ—gw@ﬁ u8)
ye(C ) = G Qexc (¢, 1) + Scuc(C, B)

is equivalent to the system
9 {m(c,t)} _ { g } {(H1(C)+QC(C))X1(Q t)}
at | x(¢,t) -G*  —(R+Sc) Ha(¢)x2(¢, 1)

_ p [(H1(O)+Qc(Q)) x1(¢, 1) _ o |(F1()+2¢e(€)) x1 (¢, 1)
=8 [0S s o =e RG] e

(49)
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Control by interconnection

e Non ideal case : the distributed parameter system is actuated through piecewise
constant elements.

— System —

Ud=-Yc 4 Uc=Yd
—»

Controller
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Early lumping approach

The system is first discretized using a structure preserving method (mixed finite
element method [Golo et al., 2004]) such that the approximation of (1) is again a PHS

with n elements :

Qi x
vo=( &) (ae).

where xig = (x! - x,.”)T e R®PX1 forjec {1,---

[0y
»= (5 3)

The discretized energy reads :

X Q x 0
(i) =en- o (G2) s oot () 19
Q
Yo =B} (Q1X1d> + Dpup, (51b)
(51c)
,2p},
and Rn = (8 ,_%) ,

1

E (X1TdQ1 X194 + X2Td02X2d) . (52)

Ha(X1d; X2a) =

50
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Control by interconnection

—_— System —

Ud=-Yc 4 Uc=Yd

Controller

The controller is designed as finite dimensional PHS of the form :

Xc = (Je — Re) Qexc + Beu,
. (53)
Ye = B; Qexc + Deug,
interconnected in a power preserving way through the relation
ugl _( 0 M\ (yq _ nxm
(UC> = (MT 0 ) (yc> , where M = Iy ® 1451 € R™*™, (54)
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Control by interconnection

The closed loop system is given by

Xei = (Jor — Rer) QoiXal, (55)

where xo = (x];,  xJ,, XCT)T, Qy =diag (Q1, Q, Qc),

(0] Ji 0 0 0 0
Jo = *JI‘T 0 7BOdMBg— ,Rg=1{0 Ry+ BOdMDCMTBgd 0.
BCMTBOTd Je 0 0 Rc
The Hamiltonian of the controller (53) is :
17
Hc(Xc) = =Xc OcXc. (56)

2

Therefore, the closed loop Hamiltonian function reads :

Heig (X145 Xods Xe) = Ha(X14, Xoq) + He(Xc). (57)

52
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Energy shaping

Approximate energy shaping [Liu et al., 2021]
Choosing J; = 0, and R; = 0, the closed loop system (55) admits :

C(x1q, Xe) = BeMT Bl x14 — Xc (58)

as structural invariant along the closed loop trajectories. The control law (54) is a Pl
action equivalent to the state feedback :

Ug = —BlQeBeMTBlyJ " x1g — DeMT Bl Qoxog. (59)

Therefore, the closed loop system yields :

()-(Y - mendows) G2)
Xoq —JT = (Rg+BogMD:MTB],) ) \ Qoxaq )’
where : Q) = Q; + J;7 " BygMBJ QcB:MT Bl .

B] Q:B; can be designed to minimise Hﬁh — OmHF (Convex optimization problem)
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Stability analysis

The controller is now connected to the infinite dimensional system leading to :

. ((J-R—-BDB*)y —BBI\(H O
X‘( Bo* o Jlo a)% (61)

Al

where X = (xT XCT)T € Xs where Xs = L, ([0, L], R%°) x R™.
Existence of solution, stability analysis

> The operator A defined in (61) generates a contraction semigroup on
Xs = Lo ([0, L], R%P) x R™,

> The operator A has a compact resolvent.

> Asymptotic stability : For any X'(0) € L ([0, L], R2") x R™, the unique solution of
(61) tends to zero asymptotically, and the closed loop system (61) is globally
asymptotically stable.
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Energy shaping : application (1)

We consider the control of a weakly damped Timoshenko beau using 50
homogeneously distributed patches.
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var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton3'){ocgs[i].state=false;}}


Application case (2) (damping injection)
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var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton4'){ocgs[i].state=false;}}


Application case (2) (energy shaping +damping injection)
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var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton5'){ocgs[i].state=false;}}


Energy shaping : application

We consider the control of a weakly damped vibratring string using m homogeneously
distributed patches (n discretization elements).

We consider the case with m patches, i.e. m = 10, n = 50 and k = 5. The initial
conditions are set to a spatial distribution x4 (¢, 0) = A/(1.5,0.113) for the strain
distribution and to zero for velocity distribution.

Strainx,

M M

1 S e O w?ﬂ

B
P . '.1-,:.1-"‘-" 0.08

" 0.2
siring kngth(m} b.:e fima(s)
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Control by interconnection

Under-actuated :strain Xy 4 x108 Closed loop Hamiltonian

2
0

0 2 4 6 8

Endpoint position along time %107
1
0.5

0 .
0 2 4 6 8

string length{m} tima(s)

time(s) 109

FIGURE — Closed loop evolution of the angular strain for m = 10 (a), Hamiltonian function and
endpoint position (b) in the under-actuated case for m = 10, m = 5.
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Control by interconnection

Underactuated: strain Xy of high order, L dpoint position along time
n=200 with 10 patches

[N

low order system, n=50
= = =high order system, n=200

E
I3
£
o 0.8
3 g
£ T 06
5 §
e, Z 04
= g
e Z 02
= g
2 o
w
02
0 o 2 4 6 8
string length{m) timais) time(s) %10

FiGURE — Closed loop evolution of the angular strain of the high order system (a), and comparison
of the endpoint position of the low order and high order systems using the same controller (b).
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Control by interconnection

Achievable performances

Eigenvalues Eigenvalues
8000 o 8000 ger
e
w000 . <. oo [ [~ =] |
cm =0
4000 400
o0 ] il won C —]
. * . <5
ofe . . . B R IR ] »
Y i >
2000 1 — 200 . —
om0 4o
o0 | — aoo N —
o000 a0
P T I T T E S T Y

FIGURE — Control by interconnection. Full actuation (left), partial actuation (right).
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Control by interconnection (Achievable performances)

Eigenvalues Eigenvalues
8000 8000 [ o]
[ e ]
6000 6000
D
a0 w0
o | ol o B ]
o . . . .. OB 1R 13 g1t} g l
2000 i — 2000 . i
-4000 -4000
6000 - . . 6000 - » .
000 om0
o o w7 6 s 4 5 2 4 o e om 03 03 0z om o1 om0

FIGURE — Control by interconnection. Full actuation (left), partial actuation (right).
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Outline

Context and motivation

Infinite dimensional Port Hamiltonian systems (PHS)

Stabilization of BC PHS

Control by interconnection and energy shaping

Observer design

Control of IPHS : The heat equation

Conclusions and future works
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Observer design

In many cases the power conjugated variable is not (completely) measurable. In this
case one has to use an observer.

P = Pr g (HIOX(E 1) + PHOX(G, D,

u WB (ea((f ) (t) (Cv O) = X0(<)7 (62)
o ()
Ym(t) = Cmx(¢, 1),

Kcn=p S (HE(C.0) + Po(HA(C. D)

0 Ws(20) = o), %60 =%(0) (63)
OES WC(ég(t[))

Im(t) = CmX(¢, 1),

Since the system #{ in (63) is virtual, the input O(t) is designed with all the available
information, i.e. O(t) = f(u(t), ym(t), X(¢, t)), where u(t) and ym(t) are considered
known from (62) and f(-) is a function to be designed.

64

Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025



Observer design

Defining
Then, from (62) and (63), we obtain the error dynamics equations as follows :

Bt = Pr (MG, ) + Po(HA(C, 1),

. [ ¢

U Wi (LD) =a(t),  %(¢,0) = %(¢), (65)
y(t) = We( ggi?))

We define the Hamiltonian of the error system as :
A = SIROI = § [ 5C0THOKC D¢ (66)
Since Wy and W, are such that WX Wg = |, the time derivative of H(t) satisfies

H(t) = a(t) Ty (0). (67)
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Observer design

Full sensing case
Consider the BC-PHS (62)with ym(t) = y(t). The state of the observer (63) with

U(t) = u(t) + L(ym(t) — m(1)), (68)
converges exponentially to the state of the BC-PHS (62) if 0 < L+ LT € R,

Partial sensing case
Consider the BC-PHS (62) with ym(f) = Cmy(t) and Cm = (/o Opxn—p ) € RPX7,
0 < p < n. The states of the observer (63) with

a(t) = u(t) + CLL(ym(t) = Jm(t)) and L e RP*P (69)

converges exponentially to the state of the BC-PHS (62) if L is such that
CILTCm+ CILCm > 0, and one of the following conditions is satisfied (y > 0)

[#(b)x(b; 1)
#H(a)*(a, 1)

< A(t)T CLCmy(t) or
< A¥(t)T CRLCm (1),

L=l
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Observer design

Position measurement
Consider the BC-PHS (62). Assume that the measurement is on the following form :

t
ym(t) = /O Cy(r)d7 + ym(0), With G = (Opxn—p ) - (1)

Assume that the BC-PHS is approximately observable with respect to the output
Cmy(t). The state of the observer (63) with

a(t) = u(t) + CpLs (ym(t) — Im(t) + 6(t)),
0(t) = —La(ym(t) — Jm(t) +6(t)), 6(0) = o.

converges asymptotically to the state of the BC-PHS (62) if L, L, € RP*P are both
positive definite matrices.

(72)
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Implementation on the elastric string example
We consider now
> The position of the end point i.e. w(b, t), is measured .
> The state is reconstructed using a Luenberger PH finite dimensional observer (the
control uses &(b, t) and ¥ (b, t))= the closed loop stability is guaranteed

[Toledo et

0.8
0.6
0.4
0.2

0.2
0.4
0.6
0.8

al., 2020].

time ¢ = 0.00 [s]
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Heat equation

Balance equation on u
Ou_ 0 (_\oT
ot oz 9z

where X denotes the heat conduction coefficient. From Gibbs’ equation du = Tds and

9s _ 190 (,Aﬂ>
ot Toz 9z

9s _ 0 (ADTY\ A (OT\?
ot 9z \ T dz T2 \ 8z

; . ou b
One can notice that : T = $2 where U = [’ udz.

or alternatively
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Heat equation

IPHS formulation

9s _ AOT 9 (0UN 0 (A OT (U
ot T2 0z 8z \ és 8z \ T2 9z \ 6s

which is an IPHS where P, =0, Py =0, Gyo =0, G; =0, gs = 1 and rs = vs{S|U}

with vs = % and {S|U} = L. In this case Pe = } ? (1) ,n=1and m=1.
T I N ) I [ .
Choosing = = 7 [1 O] 2= {0 71} the boundary inputs and outputs of
the system are
As OT
v(t) = (%95) t.b) y(t) = {T(t, b)}
— (L;%I) (t,a) T(t,a)

respectively the entropy flux and the temperature at each boundary.

Mto'St Control design for distributed parameter systems : The port Hamiltonian approach. | Yann Le Gorrec | 22 octobre 2025
7



Control design

Heat equation

| I
u’ u Ly
— > Infinite-dimensional IPHS
! ‘
L ' |
: C . I’IL?){L7'i(L7Lt
[ === =======-= ]
| v !
I I
| Finite-dimensional IPHS [«
Yei Ue
o Controller |
FIGURE — Cbl of the heat equation
We consider reflective BC at 0 and control at L.
u u’
Uc =Y, [0:| =—Yc+ |:0:| (73)

A nonlinear finite dimensional boundary controller is designed by extending the control
by interconnection (Cbl) for BC-PHS [Macchelli et al., 2017] to BC-IPHS. The objective
is to characterize the conditions for the existence of closed-loop invariant functions,
which are then used to shape the closed-loop energy function and assign the

L closed-loop entropy
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Control design
The controller is looked for on the form

Xc = 0ec + Go(Xe, Uc)Us, Yo = Gg (X, Uc)€c, (74)

where ec = 9x, He.
Denoting by C and B the boundary operators such that the output and input in (??) can

be expressed as y = Ces and [g} = Bes, respectively, we obtain the coupled
PDE-ODE system that follows

G- e dla]

Xel Tel €cl

, (79)
[L(I)] = [B GcT(Xc,Uc)]ec/
Weg

where e, € E denote the co-states of the closed-loop system, with E;; = T x R the
corresponding co-state space and the inner product

L for all f/

L
(te) = / f(2)R(2)dz + £ 2
E¢ 0

=[f(2) BT €Eq.

femto-st

73
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Control design

The operator 7 satisfies
1 2 1 g2 19T 2 19T 42
(1 7af), = (7', €)_ +[CHI Wa, +[Wa,fTC (76)

Setting W, t' = 0, Vi € E¢ we obtain that (f!, 7,2) = (=T, 1), e, Tois
Cl C
formally skew-adjoint on the space E;.
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Control design

The operator 7 satisfies

(1.7aP), = (~Tof"\ ) +[CHIT We, @ + [We,/1TC. (76)
Eg Eg
Setting W, t' = 0, Vi € E¢ we obtain that (f!, 7,2) = (=T, 1), e, Tois
Cl Cl
formally skew-adjoint on the space E;.
Casimir invariants

Consider the boundary control system (75) with u’ = 0. A function C: T x R — R is an
invariant of (75) if C = 0 along the trajectories (75) for any e.
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Control design

Proposition
We consider C(s, x¢) of the form

L
(s, x6) = Mo + / f(s(2))dz = x (77)
0
where « is a constant and f(s) € H'([0, L], R) is a continuous function. Then (77) is an
invariant if
(Tci€, €c1) =0 (78)
[Ws  G{ (xc,uc)] e=0 (79)
where c (s)
_ |es| _ 65 _ 85 S
= [)=oe) = ) e
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Control design

Proposition

The function C(s, xc) = I'xc + fo (s(z))dz is an invariant if f(s) = au(s) + ¢y where
¢y is a function that does not depend on s. The state of the control system (74) is then
given by the state feedback

(0% L - o -
xc:—F/ u(s)dz-i-k/l':—??-t(s)-i-k/l' (81)
0
_ L
with k = | k + [ ¢ydz | and the controller energy function is
0

-
He = —Xo + ke = —H(s) + K’ 82)
«

where k' = é + k¢, with k¢ a constant. Furthermore, the energy function of the
closed-loop system is constant and equal to k’.
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Control design

Although the energy H, of the closed-loop system is constant, the state of the
controller provides a measure of the internal energy of the heat equation.

> Setting o = —1, T = 1 and k = 0 the state of the controller is

L
xe() :/0 w(z,t)dz = (1), xe(0) = H(0)

i.e., X¢c is a measure of the total energy of the IPHS.
> Settingaw = —1,T = 1and k = —#(0),

L
xe(1) :/0 (@(2,t) — uo)dz = AH, x6(0) = 0

with AH = H(t) — H(0). In this case xc is a measure of the energy supplied by
the controller to the process.

> Setting o = —1, T = H(0) and k = —#(0) the controller state characterizes the
normalized total energy of the IPHS, x¢(t) = H/H(0) if xc(0) = 1, and the
normalized energy supplied by the controller, xc(t) = AH/H, if xc(0) = 0.
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Control design

Proposition
The boundary controller (74) with

T:%[Q(XS:V)] 83)

where
g(xe,¥) = o (X )(T — T + o (Xe)(T — T )o

[2¢o(xc)

ok 1) , exponentially stabilizes (??) at

with ¢o(xc) > 0 and ¢, (xc) > do(Xc) (

the desired equilibrium profile T*.
The proof follows from considering the following closed loop Lyapunov function

V= /f(r T*)

where T* € 7* is the reachable dynamic equilibrium profile of the temperature.
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Control design

Proposition
We consider now that the system is fully actuated. The boundary controller (74) with

km*
s 1 T(T = T%)]
Gl =2 ol "o { L 84
e T ([k;no U G T &4
where ®(xc) = ®(x;) T > 0, exponentially stabilizes the closed loop system at the

desired equilibrium profile T*.
The proof follows from considering the following closed loop Lyapunov function

V= /—(T T*)2

where T* € 7* is the reachable dynamic equilibrium profile of the temperature.
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Heat equation

We consider a coper bar of length L = 0.1m and a cross-sectional area of 10—*m?2.
To = T(£,0) = 200¢ + 330, Ve € [0,0.1]
the desired temperature equilibrium profile is defined as
T* = 325,v¢ € [0,0.1]

The boundary controller acts on the entropy flux at the boundary ¢ = L,i.e., u = —gs|L.
To move Ty to T* we use the boundary controller described in Proposition 3.
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Heat equation

Control design

Using the controller (74) with « = —1, T = Hg and k = 0, the controller state variable
represents a measurement of the normalized total energy if x;(0) =1, i.e.,

1 L
Xe = — z,t)dz.
o= | a0

Assuming temperature measurements at both boundaries we select

oL(xc) =5x; and  ¢o(xc) = 10xc,

Control law

Xc

u=-— i (5(T = T%)|L +10(T = T*)|o)
5T =TH)IL+10(T =T [t
- st /0 a(z, t)dz (85)
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Heat equation

(T, T*) 15 V(T, T*)
L
S
b3 10
15 R i
Il Il Il Il Il Il Il 07 Il Il Il Il Il Il Il
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
time (sec) time (sec)

50 100

time (sec) time (sec)

Figure: left: ¢ = 5xc, ¢po = 0, right: ¢ = 5xc, o = 10xc
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Alternative approach

Idea

> Use the Thermodynamic availability function as closed loop Lyapunov function

L
A=/0 (u(s) — ua(s)) dz

J/m u(s) (f(gt)
w(s*) - - dy(s, %)
— s(C.1)
' $°(0)

> Use Entropy Assignment to guarantee the convergence of trajectories.

It has been successfully applied to the control of the heat equation. More complex
systems (reaction-convection-diffusion systems) are under investigation.
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Conclusions and future works

Conclusion

> We provided an overview on some key results on control of distributed port
Hamiltonian systems in the 1D case.

> We detailed a constructive control design technique : energy shaping for
boundary/in domain controlled DPS.

> We proposed first ideas on observer design.
> We presented some possibles extensions to irreversible thermodynamic systems.
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Conclusions and future works

Conclusion

> We provided an overview on some key results on control of distributed port
Hamiltonian systems in the 1D case.

> We detailed a constructive control design technique : energy shaping for
boundary/in domain controlled DPS.

> We proposed first ideas on observer design.
> We presented some possibles extensions to irreversible thermodynamic systems.

Future works

> Study of the impact of the distribution of the patches on the achievable
performances.

> Control design for a class of non linear PDE systems.
> Extension to 2D DPS.
> Control design for irreversible PHS.
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Thank you for your attention!
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