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Continuum Mechanics Background  
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Kinematics : 
deformations and motions



ModConflex 2024 3

Configurations of a continuos medium

The reference configuration

position vector of a particle at t=0

deformed configuration

Curent position



Admissible motions
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Material or Lagrangian description
of the motion 
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• The physical properties are described in terms of the 
spatial coordinates and time.

• It focusses on what happens at a fixed point in space 
(labeled by its spatial coordinates) as time 
progresses.

• Generally used in fluid mechanics.

Spatial or Eulerian Description
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Velocity and acceleration
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Eulerian acceleration and Eulerian velocity
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Proof Proposition 1
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Isochoric motions and incompressible media
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Proof of Proposition 2 (1)
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Proof of Proposition 2 (2)
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Dynamics : 
the principles of continuum mechanics



Balance of mass and momentum (integral forms)
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Local form of the balance of mass
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Local form of the balance of linear momentum



Proof of Corollary 1 (1)
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Proof of Corollary 1 (2)
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Local form of the balance of angular momentum
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The general PDEs of continuum mechanics
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Constitutive assumptions for ideal and 
viscous fluids. 

Navier-Stokes Equations 



Ideal incompressible fluids (I)
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Ideal incompressible fluids (II)

The analysis of the Euler equations
is still an active research field.  
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Potential flows (I)
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Potential flows (II)
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Potential flows (III)
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Viscous incompressible fluids (I)

The analysis of the Navier-Stokes 
Equations is still an active research field.
(millennium problem)  



Dimensionless form of the 
Navier-Stokes equations and 

Stokes system
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The basic initial and boundary value problem for the 
Navier-Stokes equations
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The Navier-Stokes equations in 
dimensionless variables
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The Stokes system



Function spaces for the Stokes system. 

The Helmholtz-Leray projector
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Basic function spaces for the Stokes system
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Free divergence (solenoidal) and  
irrotational vector fields
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A density result
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The Helmholtz-Leray decomposition
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The Helmholtz-Leray projector and  a last lemma
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Analysis of the stationary Stokes 
system in bounded domains
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The basic boundary value problem
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Regularity and the Stokes operator (I)
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Regularity and the Stokes operator (II)
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Regularity and the Stokes operator (III)
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Conclusions and remarks on the Stokes system
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