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Fluid-Structure Interactions

Deformable or rigid structures interact with perfect, Newtonian or
non-Newtonian fluids in : biology, meteorology, geology, aerospace

and chemical engineering, ... .
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Nonlinear free boundary problems

* Euler or Navier-Stokes equations for the fluid
* ODE’s system for the rigid bodies motion
* Continuity of the velocity field

* Homogenous Dirichlet boundary conditions on the
exterior boundary

* Free boundary problem

First wellposedness results (even with rigids solids) around year 2000 !
| D. Serre (1987) ,

| K. H. Hoffmann and V. Starovoitov (1998, 2000)

| B. Desjardins and M. Esteban ( 1999,2000)

| C. Conca, J. San Martin and M. Tucsnak (2001)

| J. San Martin, V. Starovoitov and M. Tucsnak (2002)

| Takahashi (2003) >y
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Mathematical Challenges

« Existence and unigueness
* Free boundary
 Possibility of contacts

e Control

* Long-time behavior
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Solids moving in a fluid:
Do they (asymptotically) stop ?
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https://upload.wikimedia.org/wikipedia/commons/thumb/d/d4/Piston.gif/330px-Piston.gif

Outline

* Modelling and wellposedness
* Rigid immersed solids
* Fish-like swimming

* A control problem : low Reynolds number swimming

* Long-time behavior

* The point absorber problem
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Modelling and wellposedness
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Governing equations for a disk moving in an
incompressible fluid
—vAv+ pv-V)v+Vp=0 in F(h(t)), t € (0,7T),

div v =0 in F(h(t)), t € (0,T),
v=20 on 00, t € (0,T),
v=h+4w(x—h)"  ondBh),te (0,T),

@
P ot

mﬂ:—/ o(v,p)n dl’ + u
OB(h(1))

Id):—/ (x —h)* - o(v, p)n dT
OB(h(1))

v(0,2) = vg(x), h(0) = ho, h(0) = go,w(0) = wo,

I ;
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Energy estimate (I)
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Energy estimate (II) 9
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Energy estimate (III)
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Potential flows and
Kirchhoff’s equations (I)
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Potential flows and
Kirchhott’s equations (1I)
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Potential flows and
Kirchhoff’s equations (III)
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Potential flows and
Kirchhotf’s equations (IV)
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What 1s a strong solution?

Definition.
A quadruple (h,w,v,p) is called a strong solution on [0, 7] if

1. he H*(0,T), w € HY0,T) and d(h(t),00) < 1 for every t € [0, T].
2. v e C([0,T]; Hy(Q)), pe L*([0,T]; L*(2)) and

v(t,z) = h(t) +w(t)(z — h(t)*" (t>0, =€ B(h(t)).
3. For every map X € CY([0,T]; H3(Q)) N L*([0,T); H*(F(ho))), where,

for t € [0,7], the map X (¢,-) is H! invertible from Q onto Q and from
F(ho) onto F(h(t)) we have

voX e L*([0,T]; H*(F(ho))),  poX € L*([0,T]; H'(F(ho)))

4. The equations are satisfied in the strong sense (the terms are in L?).
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Relation with Lagrangian and ALE Formulations

To construct X we consider a smooth enough vector field z(t, z) such that
=0 ondQ, z=~h(t)+wlt)(z—~hlt)" inB(ht)),te (0,T),

and we consider the initial value problem

0X

E(tay) = 2(t,X(t,y)), X(0,y)=y €.

e Such transformations X appear in the Arbitrary Lagrangian Fulerian
(ALE) formulations of the Navier-Stokes system

e [f we take z = v then

vo X and p o X satisfy the Lagrangian formulation of the system.

>)
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Some references

Grandmont and Maday (M2AN, 2000) :
Local in time existence and uniqueness using Lagrange formulation

Takahashi and Tucsnak (JMFM, 2004) :
2D motion of a disk-viscous fluid system filing the whole space

Takahashi (Adv. Diff. Eq., 2003), Motion of a rigid-fluid system in a bounded domain

Hillairet and Takahashi, (Ann. IHP, 2010):
Global existence (based on lack of collisions) in a half-plane

Geissert, Gotze and Hieber (TAMS, 2013) . LP-theory in 3D

Ervedoza, Maity and Tucsnak (Math. Ann., 2023)
+27)
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Change of variables (I)

We first construct a vector field z(z,t) such that
div z=0 in R*\ S(¢), t € (0,7,

z=0 on 0N, te (0,T), z=u inS(t),te€ (0,T).
with
H1ta2

o a9
Ox " 0z,

0% (e, wa )] +
8t L1,T2,

(21,00.0)| < Co (1-+ 1)+ ).

Consider the initial value problem

0X

W(?Jat) = 2(X(y,t),t), X(y,0)=y€ R2.

DDDDDD
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Change of variables (11)

Uy, t) = Jy (X(y,t),)v(X(y,1),t), Py,t) =p(X(y,1),1),

H(t) = /O Ro(oyh(s) ds.
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The transformed system

-7 H MU} = v[LU] + [NU] + [GP] =0, in F x(0,T),
div U =0, in F x (0,7,
U =0, on 02 x (0,7,
Uy,t) = Ht)+0(t)y", yedS, te(0,T),

MH(t) — MO)H )+ = —/ S(U,P)ndl’ t€(0,7T),
oS
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(1) = /agy (U, P)n dT (0. 7)
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Main steps of the proof

* Estimate the coefficientsin M, L, N, G as functions of H
and 6.

* Use the above estimates in a fixed point procedure to get
local in time existence of strong solutions

* Go back to the physical space and use energy estimates to
get global existence in 2D.

5> )
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Kinematics of fish-like swimming

0.15 (H1) Vt > 0, the map y — X*(y,1) is a

o] C diffeomorphism from Sp onto S*(¢).

0.05 T (H2) Vt > 0, fS*(t) dz* = fSo dy.

0.00- =0
‘ (H3)vt > 0, / pr(x*, tw* (™, t)dz™ =0
] t=T/2 S*(1)

-0.057 *
' where w*(z*,t) = % (Y*(x*,t),1).

o1

e | (H4)Vt>0, / p*(x*,t) o't w(a*, t)dz* =0 .
-0.05 0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 S* (t)

Institut de
Mathématiques de
Bordeaux

ModConflex 2024 23




The governing equations

0
_U_VAU—|—(U°V)U—|—V]?:O inf(f,@,t),tE(O,
e (0

ot
divv =0 in F(&0,t),t
v=20 on 0N, t € (0,7,
v=E(4+0(x - +w  ondS(,6,1),te€(0,T),

T),
1),

mé = —/ o(v,p)n dl’ in (0,7),
0S(&,0,t)

4 rgy = - / (z— &)L o, pndl  in (0,T).
dt 9S(£,6,t)
I I/:ﬂt/d’ T
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Two wellposedness results

Theorem 1 (J. San Martin, J. —F. Scheid, T. Takahashi and M.T., ARMA(2008) ).
In two space dimensions, 1f the given deformation 1s smooth enough than the
system admits an unique strong solution. If no contact occurs in finite time then
this solution 1s global.

Proof. Change of variables+Fujita-Kato semigroup approach

Theorem 2 (S. Necasova, T. Takahashi and M.T., Acta Appl Math (2011) ).
In two or three space dimensions, the system admits at least a weak global 1n
time solution (up to possible collisions)

Proof. Adaptation of the penalty method introduced in
Starovoitov, San Martin and M.T., ARMA 2002.

5> )
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A control problem :
low Reynolds number swimming
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G. 1. Taylor’s movie (1956)

High Reynolds

Low Reynolds

ModConflex 2024
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A system with a geometric input

Navier-Stokes

Euler
Stokes

Inviscid fluid

I m

Mathématiques de
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Dynamics (I)
{—,LLAU—FV}? = 0 inR?\S lim v(x,t) = 0

dive = 0 in S T x| —oo

ofa,1) = £(1) + (1) x (r = £(0) + B

O:/(?San O:[)S(azﬁ(t))xandr,
oc=o(v,p) =p(Vo + V’UT) — pls.

(R*(t)(x = &(2)),t) (€ d5),

The above system reduces to

FE@L RO X || + Fle, RO XD T () =0

where: 5y

Institut de
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Dynamics (1I)
F1(S) [f}] = [, o(v, p)n, with
—puAT+Vp = 0 inR3\S
dive = 0 inR3\S
Jim v(x) =0, v(z,t) = g(t) +wlt) x (z = £0) (x € 95),
F2(5)(&(1), R(¢); X =[50 0(V,D)n, with
—pAT+Vp = 0 inR3\S
dive = 0 inR3\S
R . ox* .
i v(x) =0, v(z,t)=R({t)— - (R (t)(x— L)1) (2 €05).
I (m TT——
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Dynamics (I111) :
governing equations and scallop theorem
The governing equations simply write
d ¢
dt | R

0X™

] B [é A?w)] [F1(E(0), R(); X)) Fal(t), R(1); X)——.

Scallop Theorem (Purcell, 1977):

Assume that the deformation X* is reciprocal, i.e. that X (-,1) = X (-, g(1)),
where g : [0,7] — [0,7], with ¢(0) = g(7) = 0 is a Lipschitz continuous
function. Then £(7) = £(0) and R(7) = R(0).
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The control system (axially symmetric case)

The equilibrium condition gives Fi (X *(¢,-))€ + Fo(X*(¢,-)) %= (-,t) =0, or

E(t) = Fley: X" (.0) 2 (1)

Assume that X*(xz,t) = Zévzl a;(t)D;(z). Then

E(t) =) d;(t) Fla(t)D;
j=1 fi (1))
52
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Reformulation as a bilinear control system
N
)= u(t) filalt), () =u(t).
j=1

The above equation determine a control system, of state

=[5 e

and of control function u € L°°(]0,00);R). Setting F;(z) = [fj ga)], the

system writes
N
2(t) = ) u(t) Fy(2(t)),
j=1

i.e. we have a bilinear control system.

7~
[ T
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Radial deformations (I)

Take Sy to be the unit ball in R and
X*(t,y) = (L+7*(t,cos0(y)))y  (t€[0,T], y € So),

We consider deformations of the form du type

X*(t,y) =y +a1(t)D1(y) + a2(t)D2(y)  ((t,y) € [0,T] x So),

where
Di(y) = Piy1(cosf(y))y  (i>1, y€Sp),

and (P;);cy are the Legendre polynomials.

The above assumptions allow almost explicit calculations for
the Stokes equations. 3T

Institut de
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Radial Deformations (1I):
Controllability and time optimal control

Theorem (Lohéac and M.T., 2013). For every N > 2 and & € R, there
exists a minimal 7 > 0 and v € C* ([0, 7], R") such that the solution (¢, «)

of (1) satisfies

1. &(T) =& and o(T) =0,

2. for every t €

3. for every t €

0,7

0, T

)

u(t)l2 < 1,

Ck(t)h < 1.

Idea of the proof. We can apply Chow’s theorem, provided that we have
information of the derivatives of F; with repect to a. (shape differention)
We end up with a compactness argument.

ModConflex 2024
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Radial Deformations (11I):

a simulation of time optimal trajectories

25
al
1.5F
1 F
0.5
O
-0.5
—if |
50 '
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Long-time behavior
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Solids moving in a fluid:
Do they (asymptotically) stop ?

Natural question: will the solid stop when time tends to mnfinity?
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The governing equations

0
pa—?;—I/Av-l—p(v-V)v—l—Vp:O
divv =0
v=20

v=h+4+wx (x—h)

mh = —/ o(v,p)n dl’
OB(h(t))

Jw:—/ (x —h) X o(v,p)n dl’
OB (h(t))

&
v(z,0) = vo(z), h(0) = ho, h(0) = go, w(0) = wo,
I (m
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in F(h(t)), t € (0,T),
in F(h(t)), t € (0,T),

on 02, t € (0,7),
on OB(h(t)), t € (0,T),

in (0,7),

in (0,7,

39



Context and main result (for “small” data)

Existing results:

e Exponential decay of the velocity for bounded §2 (Takahashi, 2003);

® SUD. t2 h(t)| < oo for Q = R? (Ervedoza, Hillairet, Lacave (2013));

e Nothing known for Q = R? or for ) = R? and a solid which is not 2
disk.

Theorem. (Ervedoza, Maity and M.T., Math. Annalen+JMFM, 2023)
For Q = R3, vy € WP for every p > 1 and ||vgl|zs + |go] + |wo| << 1 we
have

I t>0 I/nstilut de
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Linearization (I)

0
pa—:—VAv—l—Vp:O
divoev =0
v=20

v=g+w X (x — hop)

mg = —/ o(v,p)n dl’
0B(ho)

Jw = —/ (x — hg) X o(v,p)n dl’
OB (ho)

ModConflex 2024
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in F(ho), L€ (O,T),

on 02, t € (0,7),
on 0B(hg), t € (0,7,
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Linearization (II)

Let (v, g,w) satisfy the linearized system. We set

A(t.3) = {v(t,az) (z € R3\ 0),
’ g(t) + w(t) x (z — ho) (z € O).

For ¢ € HY(R3) N H%(R3\ O) we set D(¢) = 5 (Vi + (Vp)*). Assuming
that D(p) = 0 in O and that div¢ = 0 in R?, we set

A JI7AN in €2,
2 = _ _ : :
2um™ [0 D(p)ndy + (2ud ! [,oy x D(p)n dy) xy in O

Then
_<Z(t7 ')7 90>L2(IR{3) — <Z(t7 ’)7 A290>L2(R3)°

tttttttt
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For ¢ > 1 set: H, = {p € [Lq(IR{‘g)} [div o =0in R, D(¢)=0in O
P, is the projector from LI(R3) onto H, and A, : D(A,) — H, is defined by

The fluid strw{:ture operator (monolithic approac?i

3
( 1 , | PR3O E W(Q\ 0)]
D(Ag) = ¢ p € [WH(R?)] div ¢ = 0 in R3
\ Vo+ (V)" =0in O
Ay =PAqp (v € D(Ay)),

Institut de
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Existing results on the fluid structure operator

e A, generates an anlytic semigroup in Hs, see [4].

e In [5] it has been shown that the part of A, in an appropriate subspace
of H, generates an analytic semigroup.

e For a bounded set  C R?, the operator A, on H, () has the infinite
time maximal regularity property, see [2], [3]. For Q = R? we have
finite time maximal regularity.

References
1] M. Geissert, K. Gotze, and M. Hieber, TAMS (2013).
2] D. Maity and M. Tucsnak, in Particles in Flows, Springer, 2017.
3] D. Maity and M. Tucsnak, in vol. 710 of Contemp. Math., 2018.
4] T. Takahashi and M. Tucsnak, J. Math. Fluid Mech. 6 (2004), pp. 53-77.
5] Y. Wang and Z. Xin, J.F.A. 261 (2011), pp,y 2587-2616.
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A resolvent estimate

Theorem.(Ervedoza, Maity and M.T., Math. Annalen, 2023)

Let ¢ > 1,0 € (n/2,7) and Sy = {\ € C\ {0}, |Arg(A\)| < 0}. The there
exists M > 0 with AN — A,) Y| < M for X € Sp.

Main steps of the proof (strongly inspired by [1]):

e For ¢ € (1,3/2) combine the fluid-structure estimate for bounded do-
mains with the classical estimate for Stokes operator in the whole
space.

e Use interpolation for q € [3/2,2) and duality for ¢ > 2.

References

[1] W. Borchers and H. Sohr, On the semigroup of the Stokes operator for exterior
domains in L-spaces, Math. Z., 196 (1987), pp. 415-425.

2] H.Iwashita, Mathematische Annalen 285 (1989), 265-288.
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Main ingredient: decay estimates for the linearized system

Theorem. Let T? be the analytic semigroup on H, generated by A,. Then:

(i) Let 1 < g < oo. Let Ry > 0 be such that O C Bpg,. Then for any
R > Ry, there exists a constant C' > 0, depending on ¢ and R, such

that X
IT;Ullg,, < Ct 20 |U |l (t>1, UecHy).
(i) Let 1 < ¢ <r < oo and o = 2 (% — %) Then there exists a constant

C' > 0, depending on ¢ and r, such that

IT{Ulm, < Ct°(|U]lm, (t>0, UecHy).

(iii) Let 1 < g < r < 3. Then there exists a constant C' > 0, depending on
g and r, such that

IVTIU ||,.E < Ct“’_l/QHUU?%/’ (t>0, UcH,).

DDDDDDD
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The fixed point procedure

We follow a procedure going back to Kato by introducing the space

p - -
(V)

C={V=|¢| witht"/4V € C2([0,0); X%), t1/2V € CP(]0, 00); X*)

\ | W]

and min{t'/2,1}Vv € C°([0,T7; [LB(E)}g)} :
and the sequence (V,,) defined by
t
V) = T,Vp + / T, Pdiv F((Vi(s)) ds (t>0),
0
and we show that V,, — V in C.

5>2)
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The point absorber problem
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A model for a point absorber (WEC)
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The governing equations
(Maity, San Martin, Takahashi and MT, 2019)

oh  0Oq

oh  0q _ -
0rqy , 0 (1¢ p\
a(ﬁ)w—x(iﬁ*ﬁ*;) =0 (t>0, z 1),
0 /q 0 /1 q? w90 (10q
i) TG t) = oam (h .)  (t>0zed)
1 ¢* p pw o1, o [/l pwoqy,,
[(2H2+9H+p) H,O@:E](t7a) — -(2h —I-Qh) hpax_(t,a) (t > 0),
1 ¢° p pw o1, .. 1/l¢ T
[(2H2+9H+p) Hpax](t,b) = _(2h2+gh) hpax_(t,b) (t > 0),
b
MEH(®) = Mg+ [ plt.o)ds (t>0).
) ’

Institut de
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Local existence (Maity, San Martin, Takahashi and MT, 2019)

Theorem. (working also for infinite containers)
Assume that |Ho|+||ho|| g1ey+laoll 00 < K, # < ho(z) < K for z € €.
Then, there exists T'=T'(K) > 0 such that we have unique strong solution

H e H*(0,T), he HY0,T;HY(E)) nCY([0,T]; L?(E)),
g € C°([0,T]; H'(0,£))
qie € H'(0,T; L*(€)) N C°([0, T); HY(€)) N L*(0, T; H(£)),
gz € H'(0,T;P1(Z)),
piz € L*(0,T; P2(Z)).

1
o < ho(t,x), H(t) < K, for all t € (0,T),x € &,
T

H(t) < min(h(t,a”), h(t,b")) for all t € (0,T).

ttttttttt
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Global existence (Maity, San Martin, Takahashi and MT, 2019 + in progress)
For initial data close to equilibrium and bounded container we have
He H+ H*0,00), heh+HY0,00; HY(E))NCL([0,00); L*(E)),
q € Cy([0,00); H'(0, £))
qe € H'(0,00; L*(€)) N Cy([0, 00); H(€)) N L*(0, 005 H(£)),
qz € H'(0,00;P(Z))

Mg
Pz € i ‘|'L2(0 00; P2(7))
€]

/h(t,:c)d:c+H(t)(b—a):M LHC (£>0),
£ Z]

D |

h(t,z) > —, H(t) >

5 for all t € (0,00),z € &,
H(t) < min(h(t,a”), h(t,b")) for all ¢ € (0, 00).

Institut de
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Open questions for floating bodies

» Unbounded fluid (work in progress)

* Non vertical walls

« 2D Saint-Venant (even for vertical walls)
« Solid moving also horizontally

 Other fluid models like Euler (see Lannes), Navier-Stokes,...
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